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1. Discrete Martingales

Definition: (Martingale Transform) Given a filtration (Fn)n∈N0 on a prob-
ability space (Ω,F ,P), a predictable process (Hn)n∈N, and an adapted process
(Xn)n∈N0 we define the process ((H ·X)n)n∈N0 to be zero at n = 0 and

(H ·X)n =
n∑
k=1

Hk(Xk −Xk−1)

for n ≥ 1. It is called the martingale transform of X by H and is a (sub)martingale
if X is a (sub)martingale. It is viewed as the result of applying a betting strategy
H to the stock X.

Definition: (Stopped Process) Given a filtration (Fn)n∈N0 on a probability
space (Ω,F ,P), a stopping time T , and an adapted process X = (Xn)n∈N0 , we
define the stopped process XT = (XT

n )n∈N0 to be

XT
n (ω) := Xn∧T (ω)(ω).

If X is a (sub)martingale then so is XT .

Theorem: (Martingale Convergence) Let X = (Xn)n∈N0 be a submartingale
with L1 bounded positive part. Then there exists a limit X∞ ∈ L1(σ(

⋃
n∈N0
Fn))

such that Xn → X P-almost surely.

2. Uniform Integrability

Definition: (Uniform Integrability) Let X ⊂ L0. We say that X is uniformly
integrable if we have

lim
N→∞

sup
X∈X

E[|X|1{|X|≥N}] = 0.

Proposition: The family X ⊂ L0 is uniformly integrable if and only if it is L1

bounded and uniformly absolutely continuous.
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Proposition: Lp (Integrability and UI) Fix 1 ≤ p <∞ and let {Xn}n∈N0 ⊂ Lp

such that Xn
P−→ X ∈ L0. Then the following are equivalent

1. {|Xn|p}n∈N0 is UI,

2. Xn
Lp−→ X,

3. ‖Xn‖Lp → ‖X‖Lp .

Corollary: (UI Submartingales Converge) Let (Xn)n∈N0 be a submartingale.

Then if {Xn}n∈N0 is UI, it converges a.s and in L1.

Proposition: (UI ⇔ Lévy Martingale) Let (Xn)n∈N0 be a martingale. Then
the following are equivalent:

1. (Xn)n∈N0 is a Lévy martingale

2. {Xn}n∈N0 is UI

3. There exists an X∞ ∈ L1 such that Xn
L1−→ X∞.

In this last case, we may take X∞ = E
[
X
∣∣∣σ(⋃n∈N0

Fn
)]

.

Proposition: (Backwards Submartingales) Assume that (Xn)n∈−N0 is a back-
wards submartingale. Then {Xn}n∈−N0 is UI if and only if infn∈−N0 E[Xn] > −∞.

In this case, there exists X−∞ ∈ L1
(
σ
(⋂

n∈−N0
Fn
))

such that

Xn
L1 and a.s.−−−−−−→ X−∞.

Corollary (Backwards Martingale Convergence): If (Xn)n∈−N0 is a back-
wards martingale, then

Xn
L1 and a.s.−−−−−−−→ X−∞ := E

[
X0

∣∣∣σ( ⋂
n∈−N0

Fn
)]

Theorem:(SLLN) Let {ξn}n∈N ⊂ L0 be iid. Then

Sn :=
1

n

n∑
k=1

ξk
L1 and a.s.−−−−−−→ E[ξ1].



PROBABILITY II - MIDTERM REVIEW 3

The proof follows from considering the backwards martingale given by the filtration

Fn := σ
(⋃

k≥n Sk

)
and

X−n := E[ξ1|Fn].

3. Optional Sampling/Running Maximum

Proposition:(Bounded Optional Sampling) Let (Xn)n∈N0 be a submartingale
and let T be a stopping time. Then for any m ∈ N0 we have

E[X0] ≤ E[XT∧m] ≤ E[Xm].

If (Xn)n∈N0 is a martingale, then the above inequalities are equalities.

Proposition:(Doob’s Inequality) Let (Xn)n∈N0 be a submartingale. For λ > 0
and n ∈ N we have

λP[sup
m≤n

Xm ≥ λ] ≤ E[Xn1supm≤nXm≥λ] ≤ E[X+
n ].

Define X∗n := supm≤n |Xn|. Then the above inequality implies the L1 to weak L1

bound:
λP[X∗n ≥ λ] ≤ E[|Xn|],

and the Lp to Lp bound for p > 1:

‖X∗n‖Lp ≤ p

p− 1
‖Xn‖Lp .

Hardy Spaces: Let (Fn)n∈N0 be a filtration on (Ω,F ,P). Then for 1 ≤ p < ∞
define

Hp :=

{
(Mn)n∈N0 martingale | E[ sup

n∈N0

|Mn|p]1/p <∞

}
.

and endow this vector space with the norm

‖(Mn)n∈N0‖Hp := E[ sup
n∈N0

|Mn|p]1/p.

If (Mn)n∈N0 ∈ Hp, then (|Mn|p)n∈N0 is a UI submartingale, so it converges in L1

and a.s. Applying the same argument to ((M+
n )p)n∈N0 allows us to conclude there

exists a M∞ ∈ Lp(F∞) which is a limit of (Mn)n∈N0 in Lp. It is clear that this
limit is unique in Lp(F∞). It moreover can easily be shown that Mn = E[M∞|Fn]
for any n ∈ N0.

This shows that we have a bijection between Hp → Lp(F∞). By Doob’s inequality,
this bijection is bicontinuous, so we have that Hp ' Lp(F∞) and Hp is a Banach
space.
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Theorem: (Optional Sampling for UI Submartingales) Let (Xn)n∈N0 be a
submartingale and let T be a stopping time. If the positive part of the stopped
martingale ((XT

n )+)n∈N0 is UI, then XT := limn→∞Xn∧T exists a.s., XT ∈ L1, and

E[X0] ≤ E[XT ].

Proposition: Let (Xn)n∈N0 be a uniformly integrable martingale and let S ≤ T

be two stopping times. Then XS, XT ∈ L1 and

E[XS|FT ] = E[XT ].
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